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Пусть G  – конечная группа и { }i i Iσ = σ | ∈  – разбиение множества всех простых чисел ,P  т. е. i I i∈= ∪ σP  и 
i jσ ∩ σ = ∅  для всех i j≠ .  Пусть Π ⊆ σ.  Мы говорим, что подгруппа A  из G  является Π -субнормальной в G,  ес-
ли существует такая цепь подгрупп 0 1 tA A A A G= ≤ ≤ ≤ = ,"  что для всякого 1i … t= , ,  либо 1iA −  нормальна в iA ,  либо 
1( ) ii i AA A−/  – jσ -группа для некоторого jσ ∈Π.  В данной работе нами описываются свойства Π -субнормальных под-
групп и некоторые другие σ -свойства конечных групп. Работа продолжает исследования работ [1]–[5]. 
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Let G  be a finite group and { }i i Iσ = σ | ∈  be a partition of the set of all primes ,P  that is, i I i∈= ∪ σP  and i jσ ∩ σ = ∅  for 
all i j≠ .  Let Π ⊆ σ.  We say that a subgroup A  of G  is Π -subnormal in G  if there is a subgroup chain 
0 1 tA A A A G= ≤ ≤ ≤ ="  such that either 1iA −  is normal in iA  or 1( ) ii i AA A−/  is a jσ -group for some jσ ∈Π  for all 
1i … t= , , .  In this paper, we discuss properties of Π -subnormal subgroups and some other σ -properties of finite groups. The 
work continues the research in the papers [1]–[5]. 
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1 General properties of ΠF -subnormal sub-
groups  
Throughout this paper, all groups are finite and 
G always denotes a finite group.  
In what follows,  
{ {0} }i i Iσ = σ | ∈ ⊂ ∪N  
is some partition of the set of all primes ,P  that is, 
i I i∈= ∪ σP  and i jσ ∩ σ = ∅  for all i j≠ ;  Π  is 
always supposed to be a subset of the set σ  and 
\′Π = σ Π.  We also suppose that 0 I∈  and 02 ∈ σ .   
We fix some class F  of 0σ -groups which is 
closed under extensions, epimorphic images and sub-
groups and which also contains all soluble 0σ -groups; 
and we say G  is ΠF -primary if G  is an F -group 
(that is, G ∈F)  or G  is a iσ -group for some 0i ≠ .   
A subgroup A of G is called F -subnormal in G 
in the sense of Kegel [6] or K - F -subnormal in G 
[7, 6.1.4] if there is a subgroup chain  
0 1 tA A A A G= ≤ ≤ ≤ ="  
such that either 1iA −  is normal in iA  or 1( ) ii i AA A −/  
belongs to F  for all 1i … t= , , .   
In this paper we deal with the following gener-
alization of this concept.  
Definition 1.1. We say that a subgroup A of G 
is: (i) ΠF -subnormal in G if there is a subgroup chain  
0 1 tA A A A G= ≤ ≤ ≤ ="  
such that, for each 1i … t= , , ,  either 1iA −  is normal in 
iA  or 1( ) ii i AA A −/  is a ΠF -primary; (ii) Π -subnor-
mal if A  is ΠF -subnormal in G,  where F  is the 
class of all 0σ -groups.  
Example 1.2. Let 29 7C C  be a non-abelian group 
of order 203 and P be a simple 11 29 7( )C CF -mo-
dule which is faithful for 29 7C C .  Let  
29 7 5( ( ))G P C C A= × ,   
where 5A  is the alternating group of degree 5. Let 
0 1 2{ }σ = σ ,σ ,σ ,  where 0 {2 3 5}σ = , , ,  and 1 {7 29}′σ = ,  
and 2 {2 3 5 7 29}′σ = , , , , .  Let 1 2{ }Π = σ ,σ .  Then a 
subgroup H  of G  of order 4 is σ -subnormal in G  
but it is neither Π -subnormal in G  nor 
0
σS -
subnormal in G,  where 0S  is the class of all solu-
ble 0σ -groups. The subgroup 7C  is 0ΠS -subnormal 
in G but it is clearly not subnormal in G. 
Let n be an integer. Following [3], we write  
( ) { ( ) } ( ) ( )i in n G Gσ = σ | σ ∩ π ≠ ∅ ;σ = σ | | .  
МАТЕМАТИКА
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We say that: n  is a Π -number if ( )nσ ⊆ Π;  G  is a 
Π -group if G| |  is a Π -number.  
Recall that ( )O GΠ  denotes the subgroup of G  
generated by all its ′Π -subgroups [4].  
We say that G  is ΠF -perfect if G G= F  and 
( )iO G Gσ =  for all iσ ∈ Π  such that 0i ≠ .   
The results of this section collect the most im-
portant properties of ΠF -subnormal subgroups.  
Proposition 1.3 (Skiba [8]). Let A,  K  and N 
be subgroups of G. Suppose that A is ΠF -subnor-
mal in G  and N  is normal in G.    
(1) A K∩  is ΠF -subnormal in K .  
(2) If K  is a ΠF -subnormal subgroup of A,  
then K  is ΠF -subnormal in G .  
(3) If N K≤  and K N/  is ΠF -subnormal in 
G N/ ,  then K  is ΠF -subnormal in G .  
(4) AN N/  is ΠF -subnormal in G N/ .    
(5) If K A≤  and A  is ΠF -primary, then K  
is Π -subnormal in G.   
(6) If A is ΠF -perfect, then A is subnormal in G. 
A subgroup H  of G  is called [4], [5]: a Hall 
Π -subgroup of G  if H| |  is a Π -number and 
G H| : |  is a ′Π -number; a σ -Hall  subgroup of G  
if H  is a Hall Π -subgroup of G  for some Π ⊆ σ.   
Proposition 1.4 (Skiba [8]). Let 1Π ⊆ Π  and 
A  be a Π -subnormal subgroup of G .  
(1) If 1H ≠  is a Hall 1Π -subgroup of G and A 
is not a 1Π -group, then 1A H∩ ≠  is a Hall 1Π -sub-
group of A.  
(2) If A  is a 1Π -Hall subgroup of G,  then A  
is normal in G.   
(3) If G A| : |  is a 1Π -number, then  
1 1( ) ( )O A O GΠ Π= .  
(4) If N  is a 1Π -subgroup of G,  then  
1( ( ))GN N O A
Π≤ .  
(5) If G A| : |  is a ′Π -number, then A  is sub-
normal in G.   
We will say that G  is σF -soluble if every 
chief factor of G  is σF -primary.  
Proposition 1.5 (Skiba [8]). Let A be a ΠF -sub-
normal subgroup of G  and let 0F  be the class of all 
σF -soluble Π -groups.   
(1) Let R  be the product of some minimal 
normal subgroups of G  and R  is not ΠF -primary. 
Suppose also that either G A| : |  is a ′Π -number or 
G AR= ,  R  is non-abelian and all composition 
factors of R  are isomorphic. Then ( )GR N A≤ .    
(2) If R is a minimal normal subgroup of G,  
then  
0( )GN N A≤ .F  
(3) If a minimal normal subgroup R  of G  be-
longs to ,F  then  
( )GR N A≤ .F  
Proposition 1.6 (Skiba [8]). Let A be a ΠF -sub-
normal subgroup of G. Suppose that A is ΠF -prima-
ry. Then:   
(1) If A∈ ,F  then  
0
( ) FA O G Gσ≤ ∩ .  
(2) If A  is a iσ -group, then ( )iA O Gσ≤ .  
Note that various special cases of Propositions 
1.1, 1.2, 1.3  and 1.4 have already been used to solve 
many questions [1]–[5]. As a first application of the 
theory ΠF -subnormal subgroups in the given paper, 
we obtained the following result which, in particular, 
gives a positive answer to Question 4.10 in [4]. 
Theorem 1.7 (Skiba [8]). A subgroup H of G is 
ΠF -subnormal in G if and only if H is ΠF -subnor-
mal in ,H x  for all .x G∈  
From Theorem 1.7 the following classical re-
sult can be obtained. 
Corollary 1.8 (Wielandt). A subgroup H of G is 
subnormal in G if and only if H is subnormal in 
,H x  for all .x G∈  
In concluding this section note that the various 
special cases of Propositions 1.3–1.6 have been ap-
plied in the proofs of many results (See, for exam-
ple, [4], [8]).  
 
2 The lattice of Π -subnormal subgroups  
Kegel proved [6] that the set of all F -subnor-
mal subgroups of G  forms a sublattice of the lattice 
( )L G  of all subgroups of G.   
In general, the following fact is true.  
Theorem 2.1 (Skiba [8]). Suppose that a group 
G  of order p  belongs to F  for all ip ∈ σ ∈ Π.  
Then the set of all ΠF -subnormal subgroups of G  
forms a sublattice of the lattice ( )L G  of all sub-
groups of G.    
In the case when {{2} {3} }…Π = σ = , , ,  we get 
from Theorem 2.1 the following classical result.  
Corollary 2.2 (Wielandt). The set of all sub-
normal subgroups of G forms a sublattice of the 
lattice of all subgroups of G.  
The following special case of Theorem 2.1 was 
proved in [4].  
Corollary 2.2 (Skiba [4]). The set of all σ -sub-
normal subgroups of G forms a sublattice of the 
lattice of all subgroups of G.  
We use ( )L GΠ ,F  ( )L GΠ  and ( )snL G  to de-
note the lattices of all ΠF -subnormal subgroups, 
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Π -subnormal subgroups and of all subnormal sub-
groups of G, respectively.  
A group G  is called σ -nilpotent [2] if G  is a 
direct product of some σ -primary groups. We use 
G σN  to denote the σ -nilpotent residual of G,  that 
is, the intersection of all normal subgroups N  of G  
with σ -nilpotent quotient G N/ .   
On the basis of Theorem 1.3 we prove also the 
following results.  
Theorem 2.3 (Skiba [8]). The following state-
ments are equivalent:  
(I) The lattice ( )L GΠ  is modular.  
(II) The following conditions hold:   
(a) If T S≤  are Π -subnormal subgroups of 
G,  where T  is normal in S  and either S T/  is 
Π -primary or S T/  is a p -group (p a prime), then 
( )L S T/  is modular.  
(b) A B A Bσ, ≤ ∩N  for each ( )A B L Gσ, ∈  
such that A  and B  cover A B∩  and A B∩  is not 
normal both in A and B.  
(III) The following conditions hold:   
(c) If T S≤  are Π -subnormal subgroups of 
G,  where T is normal in S  and either S T/  is 
Π -primary or 3S T p| / |=  (p a prime), then ( )L S T/  
is modular.  
(d) A B A Bσ, ≤ ∩N  for each ( )A B L Gσ, ∈  
such that A and B  cover A B∩ ,  A B∩  is not nor-
mal both in A  and B  and the indices A A B| : ∩ ∩ |  
and B A B| : ∩ |  are σ -coprime.   
In the case when Π = ∅,  we get from Theo-
rem 2.3 the following  
Corollary 2.4 (See Zappa [9] or Theorem 9.2.3 
in [10]). The following statements are equivalent:   
(I) ( )snL G  is modular.  
(ii) If T S≤  are subnormal subgroups of G,  
where T  is normal in S  and S T/  is a p-group, p  
a prime, then ( )L S T/  is modular.  
(III) If T S≤  are subnormal subgroups of G,  
where T  is normal in S  and 3S T p| / |=  (p a 
prime), then ( )L S T/  is modular.  
Recall that G  is called σ -soluble [4], [5] if 
every chief factor H K/  of G  is σ -primary. A set 
1∈H  of subgroups of G  is said to be a complete 
Hall Π -set of G  if every member 1≠  of H  is a 
Hall iσ -subgroup of G  for some iσ ∈ Π  and H  
contains exact one Hall iσ -subgroup of G  for every  
( )i Gσ ∈ Π ∩ σ .  
In view of Theorem B in [5], every σ -soluble group 
possesses a complete Hall σ -set.  
Theorem 2.5 (Skiba [8]). Suppose that G is 
σ -soluble. Then ( )L Gσ  is distributive if and only if all 
members of complete Hall σ -sets of G are cyclic.   
Corollary 2.6 (See Zappa [9] or Corollary 9.2.5 
in [10]). Let G be soluble. Then ( )snL G  is distributive 
if and only if every Sylow subgroup of G is cyclic. 
Modifying the concept of σ -solubility in [4], 
we say that G  is σF -soluble if every chief factor of 
G  is σF -primary.  
Theorem 2.7 (Skiba [8]). ( )L GΠF  is comple-
mented if and only if the following conditions hold:   
(i) ( )G A B C D= × × ,  where  Soc( )ABC G≤ ,  
every minimal normal subgroup of G contained in 
A  is not ΠF -primary, every minimal normal sub-
group of G  contained in B  is abelian ΠF -primary 
and every minimal normal subgroup of G contained 
in D  is non-abelian ΠF -primary.  
(ii) D is a σF -soluble Π -group such that C D  
is a ΠF -subnormal subgroup of G  and ( )L C DΠ   
is complemented.   
Corollary 2.8 (See Curzio [12] or Theorem 9.2.7 
in [10]). The following statements are equivalent: 
(i) ( )snL G  is complemented.  
(ii) G is a direct product of simple groups.  
(iii) Every minimal normal subgroup of G is a 
direct factor of G.  
In concluding this section we state the follow-
ing two open questions.  
Question 2.9. Suppose that the lattice ( )L S T/  
is modular for all Π -subnormal subgroups T S≤  
of G  such that T  is normal in S  and either S T/  
is Π -primary or S T/  is a p-group (p a prime). 
Does it true then that ( )L GΠ  is modular?  
Question 2.10. Suppose that the following two 
conditions hold:  
(a) If T S≤  are ΠF -subnormal subgroups of 
G,  where T  is normal in S  and either S T/  is 
ΠF -primary or S T/  is a p-group (p a prime), then 
( )L S T/  is modular.  
(b) A B A Bσ, ≤ ∩N  for each ( )A B L Gσ, ∈ F  
such that A  and B  cover A B∩  and A B∩  is not 
normal both in A and B.  
Does it true then that ( )L GΠF  is modular?  
 
3 On σ -supersoluble groups and one gener-
alization of CLT-groups   
The examples, some properties and applica-
tions of σ -soluble and σ -nilpotent groups were 
given in [1]–[5]. In this section we discuss the fol-
lowing σ -generalization of supersolubility.  
Definition 3.1. We say that G is σ -superso-
luble if every chief factor of G below G σN  is cyclic, 
and we use σU  to denote the class of all σ -super-
soluble groups.  
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It is clear that every σ -supersoluble group is 
σ -soluble, and G is supersoluble iff G is σ -super-
soluble, where {{2} {3} }…σ = , ,  is the smallest parti-
tion of .P   
Example 3.2. Let 5G A B= × ,  where 5A  is the 
alternating group of degree 5 and 29 7B C C=   a 
non-abelian group of order 203, and let  
{{7} {29} {2 3 5} {2 3 5 7 29} }′σ = , , , , , , , , , .  
Then 29G Cσ = ,N  so G  is a σ -supersoluble group 
but it is neither soluble nor σ -nilpotent.  
A class 1∈ F  of groups is called: a formation if 
for every group G, every homomorphic image of 
G G/ F  belongs to ;F  a Fitting class if for every 
group G,  every normal subgroup of GF  belongs to 
.F  A formation F  is said to be: saturated if G ∈ F  
whenever ( )G G/ Φ ∈ ;F  hereditary if H ∈ F  whe-
never H G≤ ∈ .F   
The classes σS  and σN  of all σ -soluble 
groups and of all σ -nilpotent groups respectively 
are hereditary saturated Fitting formations [1]. With 
respect to the class σU  we have  
Theorem 3.3 (Guo, Skiba [22]). The class σU  
is a hereditary formation and this formation is nei-
ther saturated nor a Fitting class.   
The applications of σ -supersoluble groups are 
based on Theorem 3.3 and the following properties 
of σ -supersoluble groups.  
Theorem 3.4 (Guo, Skiba [22]). G is σ -super-
soluble if and only if the following assertions hold:  
(1) G σN  is nilpotent.   
(2) G′  is σ -nilpotent.   
(3) ( ) ( )G D G Z G∩ ≤ Φ ∩ .U U    
In this theorem U  is the class of all supersolu-
ble groups and GU  denotes the supersoluble residual 
of G.  ( )Z GU  denotes the supersoluble hypercentre 
of G, that is, the product of all normal subgroups N 
of G such that every chief factor of G below N is 
cyclic.  
Recall that G is called a CLT-group iff it satis-
fies the following converse to Lagrange’s theorem: 
for every divisor d  of G| |,  G  has a subgroup of 
order d. The CLT -group and some interesting sub-
classes of the class of all CLT -groups have been 
studied by many authors (see Chapters 1, 3, 4 and 5 
in [13] and the recent paper [14]–[18]).  
Definition 3.5. (i) We say that G is a CLTσ -group 
if G  has a complete Hall σ -set 1{1 }tH … H, , ,  such 
that for all subgroups i iA H≤ ,  G  has a subgroup of 
order 1 tA A| | | | ."   
(ii) We say that G is a generalized CLTσ -group 
if for all ( )i ip G∈ σ ∈ σ ,  G  has a subgroup of order 
1
1
tnn
tp p"  for each 1( )tn … n, ,  such that 11 tnn tp p"  
divides G| | .   
Remark 3.6. (i) G is a CLTσ -group if and only 
if G has a complete Hall σ -set 1{1 }tH … H, , ,  such 
that for every i and for every subgroup iA  of iH ,  G 
has a subgroup iE  of order iiA G σ| || | .  Indeed, the 
intersection 1 tE E … E= ∩ ∩  has order 1 tE A A| |=| | | |"  
since ( ) 1i jG E G E| : |,| : | =  for all i j≠ .   
(ii) G is a generalized CLTσ -group if and only 
if for all ( )ip G∈ σ ∈ σ ,  G  has a subgroup of order 
i
np G ′σ| |  for each n such that np  divides G| |  (see (i)).  
Note that G is a CLT-group iff G is a CLTσ -group, 
where {{2} {3} }…σ = , , .  The group G  in Example 
1.2 is a CLTσ -group but it is not a CLT -group.  
Example 3.7. (i) Every σ -nilpotent group is a 
CLTσ -group, and the σ -nilpotent groups can be 
characterized as the groups having a complete Hall 
σ -set 1{1 }tH … H, , ,  such that G  has a normal sub-
group of order 1 tA A| | | |"  for each set 1{ }tA … A, ,  
such that iA  is a normal subgroup of iH .   
(ii) Now let G be a σ -soluble group and A be a 
cyclic group of order G| | .  We shaw that B G A= ×  
is a generalized CLTσ -group. Let ( )ip B∈ σ ∈ σ  
and np  divides 2B G| |=| | .  Let P be a Sylow p-sub-
group of G  and mP p| |= .  Since G  is σ -soluble, it 
has a iσ -complement E  such that EP PE=  by 
Proposition 5.3 below. Let 1E  be the iσ -comple-
ment of BA.  First assume that n m≤ ,  and let 1P  be 
the subgroup of A  of order np .  Then 1 1E E P×  is a 
subgroup of G of order 
i
np G ′σ| | .  Finally, if n m>  
and 2P  is the subgroup of A  of order 
n mp − ,  then 
1 2PE E P×  is a subgroup of G  of order inp G ′σ| | .   
Theorem 3.8 (Guo, Skiba [22]). Every CLTσ -group 
is σ -soluble.   
Note that the group 4G A P= × ,  where 4A  is 
the alternating group of degree 4 and P  a group of 
order 5, is soluble but it is not a CLTσ -group, where 
{{3 5} {3 5} }′σ = , , , .   
The symmetric group 4S  of degree 4 is not su-
persoluble but it clearly is a CLT -group. Neverthe-
less, if G  is of odd order and every homomorphic 
image of G  is a CLT -group, then G  is supersolu-
ble (Humphreys [19]). On the other hand, the Ore-
Zappa theorem states (see [20], [21] or Theorem 4.1 
in [13, Ch. 1] that G  is supersoluble also in the case 
when every subgroup of G  is a CLT -group. With 
respect to CLTσ -groups we get the following fact.  
A.N. Skiba 
 
                 Проблемы физики, математики и техники, № 1 (26), 2016 56 
Theorem 3.9 (Guo, Skiba [22]). Let D G σ= .N  
Suppose that G  has a complete Hall σ -set 
1{1, }tH … H, ,  such that iH  is supersoluble when-
ever 1iH D∩ ≠ .  Then G  is σ -supersoluble if and 
only if every section of G  is a CLTσ -group.   
Now we consider some special classes of σ -su-
persoluble CLTσ -groups.  
We will say that a subgroup A of G is Hσ -sub-
normally (respectively Hσ -permutably, Hσ -nor-
mally) embedded in G  if A  is a σ -Hall subgroup 
of some σ -subnormal (respectively σ -permutable 
(see Definition 4.2 below), normal) subgroup of G.   
In the special case, when {{2} {3} }…σ = , , ,  the 
definition of Hσ -normally embedded subgroups is 
equivalent to the concept of Hall normally embedded 
subgroups in [15], the definition of Hσ -permutably 
embedded subgroups is equivalent to the concept of 
Hall S -quasinormally embedded subgroups in [18] 
and the definition of Hσ -subnormally embedded 
subgroups is equivalent to the concept of Hall sub-
normally embedded subgroups in [16].  
Example 3.5 (i) is one of the motivations for 
the following our observation.  
Theorem 3.10 (Guo, Skiba [22]). Let  
1{1, }tH … H= , ,H  
be a complete Hall σ -set of G,  D G σ= N  and 
( )Dπ = π .  Any two of the following conditions are 
equivalent:  
(i) For all ( )ip G∈ σ ∈ σ ,  where p ∈ π,  and each 
natural number n such that np  divides G| |,  G has 
a Hσ -subnormally embedded subgroup of order 
.
i
np G ′σ| |   
(ii) For each set 1{ }tA … A, , ,  where iA  is a nor-
mal subgroup of iH  for all 1i … t= , , ,  G has a Hσ -nor-
mally embedded subgroup of order 1 tA A| | | | ."   
(iii) D is cyclic of square-free order and for 
each ( )i Dσ ∈ σ ,  ( ) 1i G| σ ∩ π |= .   
In the case, when {{2} {3} }…σ = , , ,  Theorem 
3.10 covers Theorem 11 in [15], Theorem 2.7 in [16] 
and Theorems 3.1 and 3.2 in [18].  
Theorem 3.11 (Guo, Skiba [23]). Let 
1{1 }tH … H= , , ,H  
be a complete Hall σ -set of G  and D G σ= .N  Then 
any two of the following conditions are equivalent:  
(i) G has an Hσ -permutably embedded sub-
group of order A| |  for each subgroup A of G.    
(ii) D is cyclic of square-free order and 
( ) 1i G| σ ∩ π |=  for each ( )i Dσ ∈ σ .   
(iii) For each set 1{ }tA … A, , ,  where iA  is a 
subgroup (respectively normal subgroup) of iH  for 
all 1i … t= , , ,  G  has an Hσ -permutably embedded 
(respectively Hσ -normally embedded) subgroup of 
order 1 tA A| | | | ."   
Let F  be a class of groups. A subgroup H  of 
G  is said to be an F -covering subgroup of G  [25, 
VI, Definition 7.8] if H ∈ F  and for every subgroup 
E  of G  such that H E≤  and E N/ ∈ F  it follows 
that E NH= .  We say that a subgroup H  of G  is a 
σ -Carter subgroup of G  if H  is an σN -covering 
subgroup of G, where σN  is the class of all σ -nil-
potent groups.  
A group G is said to have a Sylow tower if G 
has a normal series 0 1 11 t tG G G G G−= < < < < ="  
such that for each {1 }i … t∈ , , ,  1i iG G −| / |  is the order 
of some Sylow subgroup of G. 
Let H K/  be a chief factor of G.  Then we say 
that H K/  is σ -central [4] (in G) if the semidirect 
product ( ) ( ( ))GH K G C H K/ / /  is σ -primary. 
Otherwise, we say that H K/  is σ -eccentric (in G).  
We say that G  is an H Eσ -group if G  is a 
group of the form G D M= ,  where D G σ= N  is a 
σ -Hall subgroup of G  with ( ) ( )D D| σ |=| π |  such 
that D has a Sylow tower and every chief factor of G 
below D is σ -eccentric, M is a σ -Carter subgroup 
of G and M acts irreducibly on every M-invariant 
Sylow subgroup of D.  
We do not still know the structure of the 
groups G  with an Hσ -subnormally embedded sub-
group of order A| |  for each subgroup A  of G.  
Nevertheless, the following fact is true.  
Theorem 3.12 (Guo, Skiba [23]). Any two of 
the following conditions are equivalent:  
(i) Every subgroup of G  is Hσ -subnormally 
embedded in G.   
(ii) Every σ -subnormal subgroup H  of G  is 
a H Eσ -group.   
(iii) Every σ -subnormal subgroup H of G is a 
group of the form H D M= ,  where D is a σ -Hall 
subgroup of H  with ( ) ( )D D| σ |=| π |  and D  has a 
Sylow tower, M is σ -nilpotent and M acts irreduci-
bly on every M-invariant Sylow subgroup of D.  
Now, consider some corollaries of Theorems 
3.11 and 3.13.  
From Theorem 3.11 we get the following result.  
Corollary 3.13 (Guo, Skiba [23]). Suppose that G 
possesses a complete Hall σ -set 1{1 }tH … H= , , ,H  
such that iH  is nilpotent for all 1i … t= , , .  Then G  
has an Hσ -normally embedded subgroup of order 
H| |  for each subgroup H  of G  if and only if the 
nilpotent residual D G= N  of G  is cyclic of square-
free order and ( ) ( )D D| σ |=| π | .   
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In the case when {{2} {3} }…σ = , ,  we get from 
Corollary 3.13 the following known result.  
Corollary 3.14 (Ballester-Bolinches, Qiao [24]). 
G  has a Hall normally embedded subgroup of order 
H| |  for each subgroup H of G if and only if the nilpo-
tent residual GN  of G is cyclic of square-free order.  
On the basis of Theorems 3.11 and 3.12 the 
following theorem are proved.  
Theorem 3.15 (Guo, Skiba [23]). Any two of 
the following conditions are equivalent:  
(i) Every subgroup of G  is Hσ -permutably 
embedded in G.   
(ii) G G Mσ= N   is an H Eσ -group, where 
G σN  is a cyclic group of square-free order.   
(iii) G D M= ,  where D is a σ -Hall cyclic sub-
group of G of square-free order with ( ) ( )D D| σ |=| π |  
and M  is σ -nilpotent  
Theorem 3.16. (Guo, Skiba [23]). Any two of 
the following conditions are equivalent:  
(i) Every subgroup of G  is Hσ -normally em-
bedded in G.   
(ii) G G Mσ= N   is an H Eσ -group, where 
G σN  is a cyclic group of square-free order and M  
is a Dedekind group.   
(iii) G D M= ,  where D  is a σ -Hall cyclic 
subgroup of G  of square-free order with 
( ) ( )D D| σ |=| π |  and M  is a Dedekind group.  
Corollary 3.17 (Li, Liu [16]). Every subgroup 
of G is a Hall normally embedded subgroup of G if 
and only if G D M= ,  where D G= N  is a cyclic 
Hall subgroup of G of square-free order and M is a 
Degekind group.  
Corollary 3.18. Every subgroup of G is a Hall 
S -quasinormally embedded subgroup G  if and 
only if G D M= ,  where D G= N  is a cyclic Hall 
subgroup of G of square-free order and M is a 
Carter subgroup of G.   
In conclusion of this section, consider the fol-
lowing example.  
Example 3.19. Let 1 25 np p p< < < <"  be a 
set of primes and p  a prime such that either np p>  
or p  divides 1ip −  for all 1i … n= , , .  Let A  be a 
group of order p  and iP  a simple ip AF -module 
which is faithful for A.  Let i iA P A=   and  
1( ((B A= " 2 )A 3 )A )" 5A  
(see [25, p. 50]). We can assume without loss of 
generality that iA B≤  for all 1i … n= , , .  Let 
5G A B= × ,  where 5A  is the alternating group of 
degree 5 and σ  is a partition of P  such that for some 
different indices 1 ni j i i I, , , , ∈  we have ip ∈ σ ,  
{2 3 5} j, , ⊆ σ  and kk ip ∈ σ  for all 1k … n= , , .  It is 
clear that  
1 2 nD P P P G σ= =" N  
is a σ -Hall subgroup of G  and 5( )G D A A= × .   
We show that every subnormal subgroup H of G 
satisfies the condition in Theorem 3.12. If 1H σ = ,N  
it is evident. Hence we can assume that 1H σ ≠ ,N  so 
A H≤  since every p′ -subgroup of G is σ -nilpo-
tent. But then 5( ) ( ( ))H H D A H A= ∩ × ∩ ,  where 
H D∩  is a normal σ -Hall subgroup of H  and 
5( )M A H A= × ∩  is a σ -nilpotent subgroup of H  
which induces on every non-identity Sylow sub-
group of H D∩  a non-trivial irreducible group of 
automorphisms. Therefore H H Dσ = ∩N  and 
( ) ( )H Hσ σ| σ |=| π | .N N  It is also clear that M  is a 
σ -Carter subgroup of H  and every chief factor of 
H  below H σN  is σ -eccentric in H .  Thus G  sat-
isfies Condition (ii) in Theorem 3.12. Hence every 
subgroup H  of G  is Hσ -subnormally embedded in 
G.  On the other hand, the subgroup 2DAC ,  where 
2C  is a subgroup of order 2 of G,  is not subnor-
mally embedded in G  since 2C  is not a Sylow sub-
group of any subnormal subgroup of G. 
Finally, if p  divides 1ip −  for all 1i … n= , , ,  
then i iP p| |=  for all 1i … n= , , ,  so G  satisfies Con-
dition (ii) in Theorem 3.15 and hence satisfies the 
condition in Theorem 3.11.  
 
4 Finite groups whose n-maximal subgroups 
are σ -subnormal  
By the σ -nilpotent length (denoted by ( ))l Gσ  
of a σ -soluble group G  we mean the length of the 
shortest normal chain of G with σ -nilpotent factors. 
If ( ) ( )G G| σ |=| π |,  then we say that G  is σ -fiber.  
Definition 4.1. If 
1 1 0n nM M M M G−< < < < = ,"  
where iM  is a maximal subgroup of 1iM − ,  
1 2i … n= , , , ,  then the chain 1 1n nM M M−< < <"  is 
said to be a maximal chain of G  of length n  and 
nM  is an n-maximal subgroup of G.  
We say that G  is a group of σ -Spencer height 
( )h G nσ =  if every maximal chain of G  of length n  
contains a proper σ -subnormal entry and there ex-
ists at least one maximal chain of G  of length 1n −  
which contains no any proper σ -subnormal entry. 
Note that ( ) 1h Gσ =  if and only if G  is σ -nilpotent; 
( ) 2h Gσ =  if and only if G  is a σ -fiber Schmidt 
group with abelian Sylow subgroups (see Theorem 
4.7 below).  
The relationship between n-maximal subgroups 
(where 1)n >  of a group G and the structure of G 
was studied by many authors. One of the first re-
sults in this direction were obtained by Huppert [26]. 
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He proved that: if all 2-maximal subgroups of a 
group G are normal, then G is supersoluble; if all 3-ma-
ximal subgroups of G are normal, then G is soluble 
of rank ( ) 2r G ≤ .  Mann described the structure of 
the group G in which each n-maximal subgroup is 
subnormal in the case when 1k n≤ − ,  where k  is 
the number of distinct prime divisors of the order of 
G [27]. He also proved that G is nilpotent if G is 
soluble and k n> .  Deskins [28] and Spencer [29] 
analyzed the group G in which every n-maximal 
chain contains at least one proper subnormal sub-
group. Some resent researches in this line may see, 
for example, [30]–[45]. In particular, Lutsenko and 
Skiba [40] obtained a full description of groups with 
subnormal second and third maximal subgroups; 
further, in the paper [43], Guo, Andreeva and Skiba 
described groups of Spencer height ( ) 3h G ≤ .   
In this section we discuss the groups with σ -sub-
normal and σ -permutable n-maximal subgroups, in 
the sense of the following definition.  
Definition 4.2. A subgroup H of G is said to be 
σ -quasinormal or σ -permutable in G  [4] if G  
possesses a complete Hall σ -set H  such that 
x xHA A H=  for all members A∈H  and all x G∈ .   
Note, in passing, that the σ -permutable sub-
groups forms a subclass of the class of all σ -sub-
normal subgroups of the group (see Theorem B in [4]).  
Example 4.3. (i) Let p q r> >  be primes, 
where q  divides 1p −  and r  divides 1q − .  Let 
1 2{ }σ = σ ,σ ,  where 1 { }p qσ = ,  and 2 { }p q ′σ = , .  
Let H Q R=   be a non-abelian group of order qr,  
P  a simple p HF -module which is faithful for H ,  
and G P H= .  Then the subgroup Q  is not sub-
normal in G  but it is σ -subnormal in G.   
(ii) In the above group G,  let 1 2{ }σ = σ ,σ ,  
where 1 { }p rσ = ,  and 2 { }p r ′σ = , .  Then P p| |> .  
Since q  divides 1p − ,  PQ  is supersoluble. Hence 
for some normal subgroup L  of PQ,  we have 
1 L P< < .  Then for every Hall 1σ -subgroup V  of 
G  we have L P V≤ ≤ ,  so QV V VQ= = .  On the 
other hand, for every Hall 2σ -subgroup xQ  of G we 
have xQ PQ≤ ,  so x xLQ Q L= .  Hence L is σ -per-
mutable in G.  It is also clear that L is not normal in 
G, so LR RL≠ ,  which implies that L is not S-per-
mutable in G. 
Our first observation is the following result.  
Theorem 4.4 (Guo, Skiba [46]). (i) If 
( ) 3h Gσ ≤ ,  then G  is σ -soluble.   
(ii) If each 3-maximal subgroup of G is σ -sub-
normal in G  and G  is not σ -nilpotent, then G  is 
soluble.  
Corollary 4.5 (Huppert [26]). If each 3-maxi-
mal subgroup of G is normal in G, then G is soluble.  
Corollary 4.6 (Spencer [29]). If ( ) 3h G ≤ ,  then 
G is soluble.   
On the basis of Theorem 4.4, the following fact 
is proved.  
Theorem 4.7 (Guo, Skiba [46]). Suppose that 
G  is not σ -nilpotent. Then the following statements 
are equivalent:  
(i) ( ) 2h Gσ = .   
(ii) G  is a σ -fiber Schmidt group with abelian 
Sylow subgroups.  
(iii) Every 2-maximal subgroup of G is sub-
normal in G.  
For the general case we prove the following  
Theorem 4.8 (Guo, Skiba [46]). Suppose that 
G  is σ -soluble. Let 0σ  be a partition of P  such 
that 0σ ≤ σ.  Then:   
(i) ( ) ( )l G h Gσ σ≤ .   
(ii) If either ( ) ( )h G Gσ <| σ |  or G is 0σ -soluble 
and every n-maximal subgroup of G, where 
0 ( )n G<| σ |,  is σ -subnormal in G, then G is σ -nil-
potent.  
(iii) If ( ) ( )n h G Gσ= ≤| σ |,  then every n-maxi-
mal subgroup of G  is σ -subnormal in G.   
In this theorem 0σ ≤ σ  means that for each 
j J∈  there is i I∈  such that 0j iσ ⊆ σ .   
Corollary 4.9 (Mann [27]). Suppose that G is a 
soluble group and each n-maximal subgroup of G  
is subnormal. If ( )n G<| π |,  then G  is σ -nilpotent.  
Corollary 4.10 (Spencer [29]). Suppose that G  
is a soluble group. Then:  
(i) ( ) ( )l G h G≤ .   
(ii) If ( ) ( )h G G<| π |,  then G  is σ -nilpotent.  
Theorem 4.11 (Guo, Skiba [46]). Suppose that 
G  is a soluble but not a σ -nilpotent group. Let 
1{1 }tH … H, , ,  be a complete Hall σ -set of G  and 
1{ }nP … P, ,  a Sylow basis of G.  Then the following 
are equivalent:  
(i) Each n-maximal subgroup of G,  where 
( )n G≤| π |,  is σ -subnormal in G.   
(ii) G D M= ,  where D G σ= N  is a nilpotent 
Hall subgroup of G,  and the following hold:  
(a) M  is not σ -subnormal in G,  so some Sy-
low subgroup 1P  of M  is not σ -subnormal in G.  
The subgroup 1P  is cyclic and it forms an irreduci-
ble pair with iP  for all 1i > ,  so iP  is elementary 
abelian. Moreover, if 1 1P H≤  and 1P  is not of prime 
order, then 2{ }tH … H, ,  are normal in G.   
(b) If G  possesses at least two non- σ -sub-
normal non-isomorphic Sylow subgroups, then all 
non- σ -subnormal Sylow subgroups are of prime 
order.   
(c) If 1P  is a iσ -group and 1V  is the maximal 
subgroup of 1P ,  then 1( )GG N V| : |  is a iσ -number.   
Corollary 4.12 (Mann [27]). Suppose that G  is 
a soluble group and each n -maximal subgroup of 
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G  is subnormal. If ( )n G≤| π |,  then G  is one of the 
following type:  
(a) G  is nilpotent.  
(b) G HN= ,  where  
(i) N  is a normal abelian Hall subgroup, and 
all Sylow subgroups of N  are elementary abelian.   
(ii) H  is a cyclic Hall subgroup, and H| |  is 
either a prime power or square-free number.  
(iii) ( ) 1N H| |,| | = .   
(iv) If pH  is a Sylow subgroup of H  and qN  
is a Sylow subgroup of N,  then pH  induces in qN  
an irreducible automorphism group of order p or 1. 
In the latter case, qN| |  =q.  
Conversely, a group of type (a) or (b) has each 
n-maximal subgroup subnormal.  
From Theorem 4.8 (iii) and Theorem 4.7 we 
also get the following known result.  
Corollary 4.13 (Spencer [29]). Suppose that G 
is a soluble group. If G is not nilpotent and 
( ) ( )h G G≤| π |,  then every Sylow subgroup of G  is 
either cyclic or elementary abelian. Furthermore if 
there exist at least two non-normal non-isomorphic 
Sylow subgroups of G, then all non-normal Sylow 
subgroups of G are of prime order.  
Recall that the rank ( )r G  of a soluble group G 
is the maximal integer k such that G has a chief fac-
tor of order kp ,  for some prime p (see [25, p. 685]).  
Our next observation is the following fact.  
Theorem 4.14 (Guo, Skiba [46]). Suppose that 
G is soluble and each n-maximal subgroup of G is 
σ -permutable in G.  Suppose that G  has a com-
plete Hall σ -set H  such that for every member H  
of H  we have ( ) 1r H n≤ − .  Then ( ) 1r G n≤ − .   
A subgroup H of G is called qusinormal or 
permutable (S-quasinormal [47] or S-permutable, 
respectively) if HA AH=  for every subgroup (every 
Sylow subgroup, respectively) A of G.  
Corollary 4.15. Suppose that G is a soluble 
group and each n-maximal subgroup of G is S-per-
mutable in G.  Then ( ) 1r G n≤ − .   
Corollary 4.16 (Mann [27]). Suppose that G is 
a soluble group and each n-maximal subgroup of G 
is quasinormal. Then ( ) 1r G n≤ − .   
If G  is not σ -nilpotent and each 3-maximal or 
each 2-maximal subgroup of G is σ -subnormal in G, 
then G is soluble by Theorems 4.4 and 4.14. Hence 
we get also from Theorem 4.14 the following facts.  
Corollary 4.17. Suppose that each 3-maximal 
subgroup of G  is σ -permutable in G.  If G  has a 
complete Hall σ -set H  such that for every member 
H  of H  we have ( ) 2r H ≤ ,  then G  is soluble and 
( ) 2r G ≤ .   
Corollary 4.18 (Agrawal [48]). If every 2-maxi-
mal subgroup of G is S-permutable in G, then G is 
supersoluble.  
Corollary 4.19 (Huppert [26]). If every 3-ma-
ximal subgroup of G is normal in G, then G is solu-
ble of rank r(G) at most two.   
 
5 ΠF -soluble and ΠF -nilpotent groups  
We say that a chief factor H K/  of G is 
ΠF -central (in G) if the semidirect product 
( ) ( ( ))GH K G C H K/ / /  
is ΠF -primary.  
Definition 5.1. We say that G is: (i) ΠF -soluble 
if every chief factor of G  is either a ′Π -group or 
ΠF -primary; (ii) ΠF -nilpotent if every chief factor 
of G  is either a ′Π -group or ΠF -central (in G).  
We use the symbols ΠSF  and ΠNF  to denote 
the classes of all ΠF -soluble groups and of all ΠF -so-
luble groups, respectively.  
The direct calculations show that the following 
proposition is true.  
Proposition 5.2. The class ΠSF  is closed under 
taking direct products, homomorphic images and sub-
groups. Moreover, any extension of the ΠSF -group 
by a ΠSF -group is a ΠSF -group.  
A set 1∈H  of subgroups of G  is said to be a  
complete Hall ΠF -set of G  if every member 1≠  of 
H  is a Hall iσ -subgroup of G for some iσ ∈ Π,  H  
contains exact one Hall iσ -subgroup of G  for every 
( )i Gσ ∈ Π ∩ σ  and 0H ∈F  provided 0H ∈H  and 
0H  is a 0σ -group.  
Proposition 5.3. Let G  be ΠF -soluble and 
{ }∗Π = Π ∪ π ,  where 
i i′σ ∈Ππ = ∪ σ .  Then:  
(i) G M| : |  is either a ′Π -number or ΠF -pri-
mary for every maximal subgroup M  of G.   
(ii) For every ( )i Gσ ∈ σ ∩ Π,  G has a maximal 
subgroup M  such that G M| : |  is a iσ -number.  
(iii) G has a complete Hall ΠF -set 1{1 }tH … H, , ,  
such that 1{ }tH … H, ,  is a Π -basis of G and for 
each i j≠  every Sylow subgroup of iH  G-permutes 
with every Sylow subgroup of jH .    
(iv) For any 1Π ⊆ Π,  G has a Hall 1Π -sub-
group and every Hall 1Π -subgroup of G G-permu-
tes with every Sylow subgroup of G.  
(v) For any 1Π ⊆ Π  the following hold: G has 
a Hall 1Π -subgroup E,  every 1Π -subgroup of G  
is contained in some conjugate of E and E G-per-
mutes with every Sylow subgroup of G.    
Proof. (i) Suppose that G M| : |  is not a 
′Π -number and let GH M/  be a chief factor of G.  
Then G M| : |  divides GH M| / |,  so GH M/  is not 
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a ′Π -group. Hence GH M/  is ΠF -primary, so we 
have (i).  
(ii) Let R  be a minimal normal subgroup of 
G.  Then R  is either a ′Π -group or ΠF -primary. 
By induction, for every  
( )i G Rσ ∈ σ / ∩ Π,  
G R/  has a maximal subgroup M R/  such that 
( ) ( )G R M R G M| / : / |=| : |  is a iσ -number. Hence 
we need only to consider the case when R  is a Hall 
iσ -subgroup of G,  where ( )i Gσ ∈ σ ∩ Π.  By the 
Schur-Zassenhaus theorem, R has a complement U  
in G. But then G has a maximal subgroup M such that 
G M| : |  divides R| |,  so G M| : |  is a iσ -number.  
(iii), (iv), (v) It is not difficult to show that 
every ΠF -soluble group is ∗Π -soluble, so in view 
of Theorems A and B in [5], it is snough to show 
that if 1{ }tH H … H∈ , ,  and H  is a 0σ -group, then 
H ∈ .F  Let  
0 1 11 n nG G G G G−= < < < < ="  
be a chief series of G. Since G  is ΠF -soluble, every 
factor 1i iG G −/  is either a F -group or a 0σ -group. 
In the former case H  avoids 1i iG G −/  and so  
1 1i i i iG H G H G G− −∩ / ∩ / .  
In the second case H  covers 1i iG G −/ ,  since H  is a 
Hall 0σ -group of G,  and so 1i iG H G H−∩ = ∩ .  
Therefore we have H ∈ F  since the class F  is 
closed under extentions.  
The proposition is proved.  
The following two lemmas are well-known (see, 
for example, Lemmas 3.27, 3.28 and 3.29 in [49]).  
Lemma 5.4. Let R  be an abelian minimal 
normal subgroup of G  such that G RM=  for a 
maximal subgroup M  of G.  Then  
( ( ))G GG M R G C R/ / .   
Lemma 5.5. If the chief factors H K/  and 
S T/  of G  are G-isomorphic, then  
( ) ( ( )) ( ) ( ( ))G GH K G C H K S T G C S T/ / / / / / .   
Lemma 5.6. Let H  be a normal subgroup of 
G.  If ( )H H G/ ∩ Φ  is a Π -group, then H  has a 
Hall Π -subgroup, say E,  and E  is normal in G .  
Proof. Let ( )D O HΠ= .  Then, since ( )H G∩ Φ  
is nilpotent, D  is a Hall ′Π -subgroup of H .  Hence 
by the Schur-Zassenhaus theorem, H  has a Hall 
Π -subgroup, say E. It is clear that H is ′Π -soluble, 
so any two Hall Π -subgroups of H  are conjugate. 
Therefore by the Frattini argument we have  
( ) ( ( ( ))) ( ) ( )G G GG HN E E H G N E N E= = ∩ Φ = .  
Thus E  is normal in G.  The lemma is proved.  
Proposition 5.7. Any two of the following con-
ditions are equivalent:   
(i) G  is ΠF -nilpotent.  
(ii) G is ΠF -soluble and for every maximal 
subgroup M of G we have either G M| : |  is a ′Π -num-
ber or M  is ΠF -subnormal in G.    
(iii) G  has a normal Hall ′Π -subgroup E  
and G E/  is σF -nilpotent.  
(iv) G  is ΠF -soluble and G  has a normal 
Hall iσ -subgroup for all ( )i G′σ ∈ σ ∩ Π.   
Proof. (i) ⇒  (ii) Let M  be a maximal sub-
group of G  such that G M| : |  is not a ′Π -number. 
Assume that 1GM ≠ .  It is clear that the hypothesis 
holds for GG M/ ,  so GM M/  is σ -subnormal in 
GG M/  by induction. Hence M  is σ -subnormal in 
G  by Proposition 1.3(3). Now assume that 1GM = .  
By [50, A, 15.2], either G  has a unique minimal 
normal subgroup R  or G  has exactly two minimal 
normal subgroups R  and N  and the following 
hold: R  and N  are isomorphic non-abelian groups, 
1R M N M∩ = = ∩  and ( )GC R N= .  Since G M| : |  
is not a ′Π -number and clearly G M| : |  divides 
R| |,  R  and N  are ΠF -central in G.   
Let ( )GC C R= .  Suppose that R  is abelian. 
Then C R=  by [50] and so in this case we have  
( ( ))G GG G M R G C R σ/ / ∈  N F  
by Lemma 5.4, which implies that GG M/  is ΠF -pri-
mary. But then M is ΠF -subnormal in G by Proposi-
tion 1.3 (3). Similarly we can get that M is ΠF -sub-
normal in G in the case when 1C = .  Finally, assume 
that C N= .  Then  
( ) ( )R G C R G N/ = /   
is ΠF -primary, so M G N/  is ΠF -primary. But 
then G N M G R/ /   is ΠF -primary. It follows 
that G  is ΠF -primary. Thus M  is ΠF -subnormal 
in G.   
Hence (i) ⇒  (ii).  
(i) ⇒  (iii) Suppose this is false and let G  be a 
counterexample of minimal order. It is clear that G  
is ∗Π -soluble, so G  has a Hall ′Π -subgroup H  by 
Proposition 5.3. Let R  be a minimal normal sub-
group of G.  It is clear that the hypothesis holds for 
G R/ ,  so HR  is normal in G  by the choice of G.  
Hence we can assume that R H ,;  so 1R H∩ =  
since G  is σ -soluble, that is, R  is ΠF -primary. If 
G  has a minimal normal subgroup N R≠ ,  then as 
above we get that N  is ΠF -primary and HN  is 
normal in G and so 
( ) ( )H RH NH H R NH H R N H= ∩ = ∩ = ∩ =  
is normal in G.  Therefore R  is the unique minimal 
normal subgroup of G.  Assume that ( )R GΦ .;  
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Then from Lemma 5.6 and the isomorphism 
HR R H/   we get that H  is normal in HR  and so 
H  is a characteristic subgroup of normal subgroup 
HR  of G,  which implies that H  is normal in G.  
Therefore we may assume that ( )R GΦ .;  Let M  
be a maximal subgroup of G  such that G RM= .  
Then G M| : |  divides R| |,  so G M| : |  is not a 
′Π -number. Therefore, since (i) ⇒  (ii), M is ΠF -sub-
normal in G.  But 1GM =  and so G  is ΠF -primary, 
which implies that 1H = .   
Finally, we show that G H/  is σF -nilpotent. 
We may assume without loss of generality that 
1H = .  Then every chief factor of G if σ -central in 
G and so 1 tG H H= × × ,"  where 1{1 }tH … H= , , ,H  
is a complete Hall σ -set of G  by [3]. But then G  is 
ΠF -nilpotent by Proposition 5.3. Hence (i) ⇒  (iii).  
(iii) ⇒  (iv) This is evident.  
(iv) ⇒  (i) Let H K/  be a chief factor of G.  
Assume that H K/  is not a ′Π -group. Then H K/  
is ΠF -primary since G is ΠF -soluble by hypothesis, 
so H K/  is a iσ -group for some ( )i Gσ ∈ σ ∩ Π.  
By hypothesis, G has a normal Hall iσ -subgroup E. 
Moreover, Proposition 5.3 implies that G E/ ∈F  
provided 0i = .  Therefore every chief factor of G  
between E  and G  is ΠF -central in G.  Therefore 
from the G-isomorphisms G E HE KE H K/ / /   
we get that H K/  is ΠF -central in G  by Lemma 
5.5. Therefore G  is ΠF -nilpotent.  
The proposition is proved.  
In the case when F  is the class of all 0σ -groups, 
we get from Proposition 5.7 the following  
Corollary 5.8. Any two of the following condi-
tions are equivalent: 
(i) G  is Π -nilpotent.  
(ii) G  is Π -soluble and for every maximal 
subgroup M  of G  we have either G M| : |  is a 
′Π -number or M  is Π -subnormal in G.    
(iii) G  has a normal Hall ′Π -subgroup E  
and G E/  is σ -nilpotent.  
(iv) G  has a normal Hall i′σ -subgroup for all 
( )i Gσ ∈ σ ∩ Π.   
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